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Abstract 

In this paper we discuss four different proposals of entangling atomic states of particles which 
have never interacted. The experimental realization proposed makes use of the interaction of 
Rydberg atoms with a micromaser cavity prepared in either a coherent state or in a superposition 
of the field Fock states |0) and |1). We consider atoms in either a three-level cascade or lambda 
configuration. 
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1 INTRODUCTION 



One of the most intriguing aspects, as well as fundamental, in quantum mechanics is entanglement. 
This feature was first noticed by Einstein, Podolsky and Rosen pQ who have originally proposed the 
EPR experiment in order to show that quantum mechanics were not a complete theory to describe 
reality. At the same time Schrodinger has done a formal discussion about the description and the 
measurements performed on two system which have interacted and that are far apart from each 
other 2j. Entanglement is of central importance in Bell's theorem and is the origin of nonlocality 
in quantum mechanics. Usually entanglement is understood as a consequence of some interaction of 
the particles in their common past. Thus far, it has been achieved either by having the two particles 
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emerging from the same source [3] or by having the two particles interacting with each other 
However, Yurke and Stoler [3] and Zukowski et al [6 showed that one can entangle particles that do 
not even share any common past. The realization of the entanglement swapping was done by Pan et 
al [7j in a scheme involving the horizontally and vertically polarized states of photons. 

In a recent paper it has been suggested an experimental realization of teleportation of atomic 
states via cavity quantum eletrodynamics [Sj. In this work, Guerra discusses theoretically how to 
prepare and how to detect atomic Bell states. Based on the results presented there, in the present 
work we show that it is possible to build a scheme to entangle the states of two atoms which have 
never interacted, along a similar line of Ref. [7j. In section 2 we review the process of preparing 
atomic Bell states for different atomic configurations and cavity fields. In section 3 we show that, 
through appropriate measurements of the Bell states, we can perform the entanglement swapping 
and, finally, in section 4 we discuss our conclusions. 

2 REALIZATION OF BELL STATES 

In this section, we present four different schemes to prepare Bell states involving two different con- 
figurations of the atomic levels. 

2.1 Cascade atomic system and cavity in a coherent state 

Consider a three-level cascade atom Ak with \ef-), \fk) and \gu) being the upper, intermediate and 
lower atomic states (see Fig. 1). We assume that the transition je^) ^ \fk) is far enough from reso- 
nance with the cavity frequency. Consequently, it can be shown, according to the Jaynes-Cummings 
model jH], that this dispersive interaction can be represented by the time evolution operator 

U = e-^ aWl >|e fc )(e fc | + e^ a \fk)(fkl (2.1) 

where a (a^) is the annihilation (creation) operator for the field in cavity C, ip = g 2 r/ A, g is the 
coupling constant, r is the interaction time, A = u) e — ujf — wis the detuning, u e and ujj are the 
frequencies of the upper and intermediate levels respectively and to is the cavity field frequency. 

In addition we assume that the transitions \fk) \gu) and \ek) \gt) are highly detuned from 
the cavity frequency so that there will be no coupling with the cavity field involving the state \gk). 
However the state \gk) plays an important role in the following process, because we suppose that it is 
coupled to the state \fk) in the Ramsey cavities which we shall use to prepare the atomic Bell states 
involving the states \fk) and \gu)- 

Therefore, considering the atom- field interaction, the level \ek) will never be populated during 
the whole process so that we can ignore it from now on, since it will not play any role in our scheme, 
being important only as origin of the phase factor in the time evolution operator (see Eq. (j2.1j) ) due 
to the dispersive interaction. Hence, we have effectively a two-level system involving the states \fk) 
and \gk)- In terms of them we can write the time evolution operator 

U = e^ a \fk)(fk\ + \9k)(9kl (2.2) 

where the second term above was put by hand just in order to take into account the effect of level 
\gk). Let us take p = n. 

We assume that we have a two- level atom A\ initially in the state \gi) which, after crossing a 
Ramsey cavity Ri, is prepared in a coherent superposition 

IV»* = -4(I/i> + |01», (2-3) 
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according to the rotation matrix 
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1 1 
-1 1 



(2.4) 



Now, let atom A\ cross the cavity C which is prepared in coherent state | — a). A coherent 
state is obtained by applying the displacement operator D{(3) = e^ at_/3 * a ^ to the vacuum, i.e. 
\j3) = D(/3)\0) ^U] and, experimentally, it is obtained with a classical oscillating current in an antenna 
coupled to the cavity. Then, according to ()2.2|) the system A\ — C evolves to 
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lAl _ c = -=(\f 1 )\ a ) + \g 1 )\-a)), (2.5) 



where we have used e 2ata |a) = \e z a) Now, if atom A\ enters a second Ramsey cavity R 2 , where 
the atomic states are rotated according to the rotation matrix ()2.4j) . we obtain 

m Al -c = i||/i>( |a> + I - a) ) - \ gi }( \a) - \ - a) )}. (2.6) 

Consider now a second atom A2 prepared in the same way of atom Ai, so that, before entering 
the cavity C, we have it in the state 

IV>>a 2 = ^(I/ 2 > + |<7 2 ». (2.7) 

Let us send this atom through cavity C assuming that for atom A2, as above for atom Ai, the 
transition I/2) # fa) is far from resonance with the cavity frequency. As above, taking into account 
the time evolution operator U, Eq. (|2.2j) with ip = it, after the atom has passed through the cavity, 
we get 

\^)m-a 2 -c = ^{lA) ( I/2) + |<? 2 ) )(\a) + \-a)) + \ 9l ) ( |/ 2 ) - \g 2 ) ) ( |a) - | - a) ) j. (2.8) 

Then, atom A 2 enters a Ramsey cavity R 3 , where the atomic states are also rotated according to the 
rotation matrix (|2.4j) . which results in 

^(l/ 2 > + lft»»-|/ 2 > and -L(\f 2 )-\g 2 ))^-\g 2 ) (2.9) 



leading to 



|{|/i>|/ 2 >( \a) + |-«))- \ 9l )\g 2 )( \a) - \ -a))\. (2.10) 



Now, we inject | — a) in cavity C which mathematically is represented by the operation D(/3)\a) 
\a + P) |10j and this gives us 



|{l/i)l/ 2 )( |0> + I -2a))- \ gi )\g 2 )( |0) - | - 2a) )}. (2.11) 



In order to disentangle the atomic states of the cavity field state we now send a two-level atom A 3 , 
resonant with the cavity, with |/ 3 ) and fa) being the lower and upper levels respectively, through 
C. If A3 is sent in the lower state I/3), under the Jaynes-Cummings dynamics |H| we know that 
the state |/3)|0) does not evolve, however, the state 1/3)! — 2a) evolves to |ea) |x e ) + |/3)|X/)j where 
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\Xf) — ^2C n cos(gry/n)\n) and \\ e ) = —i C n +\ sm.(gr\Jn + l)\n) and C n = e 2l 2a l 2 (— 2a) n /Vn\. 

n n 

Then we have 



>.u-. \i-A,.-r = \{\Lm(\f*m H'o >iv>-- \h)\\r)) -\ti0\ti2}{\fm-\<^\x<)-mxj) 



(2.12) 

and if we detect atom A 3 in state \es) finally we get the Bell state 

\* + )A 1 -A a = ^{\fi)\f2) + \gi)\g*)), (2.13) 

which is an entangled state of atoms A\ and A 2 , which in principle may be far apart from each other. 

In the above disentanglement process we can choose a coherent field with a photon-number 
distribution with a sharp peak at average photon number (n) = \a\ 2 so that, to a good approximation, 
= CWcos(v / ^(?r)|?T) and \x e ) — CnSin(\/wgT)\n) , where n is the integer nearest (n), and we could 
choose, for instance \frigr = ir/2, so that we would have |% e ) = CW|n) and \xf) — 0. In this case 
the atom A 3 would be detected in state \e 3 ) with almost 100% of probability. Therefore, proceeding 
this way, the atomic and field states will be disentangled successfully as we would like. 

Notice that starting from (|2.10|) if we had injected |a) in the cavity and detected |es) we would 
get the Bell state 

m A ,- A2 = ^{\h)\h)-\gi)\g2)). (2.14) 

Now, if we apply an extra rotation on the states of atom A 2 in (|2.1Hjl in a Ramsey cavity 
according to the rotation matrix 

^4=|/2)(^|-|^)(/ 2 |, (2.15) 



we get 



l*->A 1 -A. = 4(|/i>|ft»>-|» 1 >l/ 2 », (2-16) 



and applying (|2.15j) on (|2.16|) . it yields 



l* + >A 1 -^ = ^(|A>|^> + b 1 >l/2». (2-17) 

The states (|2.13p . ()2.14|) . ()2.16|) and ()2.17|) form a Bell basis which are a complete orthonormal 

basis for atoms A\ and A 2 . 

It is important to notice that the efficacy of the process described above depends on a measurement 
which has a probabilistic character: the measurement of atom A 3 in the state |es) after passing the 
cavity C. Although we can argue that the cavity C may be prepared in a coherent state |a) with a 
large mean photon number (n) so that, to a good approximation, we have almost 100% of probability 
of measuring atom A% in the state |e3), we still have a small probability that it will fail. In the next 
section we discuss an alternative way to avoid this aspect. 

2.2 Cascade atomic system and cavity in a superposition of Fock states 

Now, we start assuming that we have the cavity C prepared in the state 

| + >„=«™, (2.18) 
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where FS refers to Fock state. This state can be prepared by sending a two- level atom A Q , in the 
lower state |/o), first through a Ramsey cavity Rq, where the atomic states are rotated according to 



1 

V2 



1 % 
i 1 



(2.19) 



and then through the cavity C, initially in the vacuum state |0). The effect of Ro is to perform the 
atomic state rotation 

l/o>-^(|/o>+<|co». (2.20) 

We assume that Aq is resonant with C and that gr = tt/2. Thus, when Aq cross the cavity, according 
to the Jaynes-Cummings model, |/o)|0) does not change whereas |eo)|0) evolves to — i|/o)|l). Hence, 
the passage of A through C yields 



(l/o)+»|e )) 
V2 



10) — |/o> 



(|0) + |1)) 
V2 



l/o)l+) 



FS- 



(2.21) 



Therefore, we have prepared the cavity C in the state (J2.18|) . 

As done in the previous section, let us consider three- level cascade atoms A k with je^), |/&) and 
\gk) being the upper, intermediate and lower atomic state, such that the transition \ f^) ^ \e^) is far 
enough from resonance with the cavity and the transitions je^) # \gk) and \fk) |<j%) are highly 
detuned so that there will be no coupling with the cavity field. Consider that atom A\ prepared in 
the state 

\*U = -j=(\h) + \ftil (2-22) 

interacts with cavity C prepared in the state ([2.180 . Taking into account ([2.2(1 . after atom A± has 
passed through the cavity, we get 



>Ai-C 



l{( IA) + l^i))|o) + (-|/i) + |^))|i)}. 



(2.23) 



Now, if atom A\ enters a second Ramsey cavity i?2 where the atomic states are rotated according to 
the rotation matrix ([2.4(1 . we have 



and, therefore, 



^(i/i) + \gi)) - |/i>, 



) Al -c = ^{\fi)\0) + \9i)\l)}- 



(2.24) 



(2.25) 



Now, we let an atom A 2 , which is prepared in the state 



)a 2 = ^(l/a> + \92)), 



(2.26) 



interact with the cavity. Taking into account ([2.2(1 . after the atom has passed through it, we get 

1 



>A 1 -A 2 -C 



|/i)(|/ 2 ) + b))|0) + k)(-|/ 2 ) + M)|l) 



(2.27) 
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Then, atom A 2 enters a Ramsey cavity R 3 , where the atomic states are rotated in the same way of 
(jOU), so that we get 

Mm-M-o = ^(|/i)|/ 2 )|0) + |<?i)b 2 )|l)). (2.28) 

In order to disentangle the atomic states of the field state, we send an atom A 3 , with the transition 
I /ft) ^ \ e k) resonant with the cavity, through C . If A 3 is sent in the lower state I/3), for an interaction 
time such that gr = ir/2, we know that the state |/3)|0) does not evolve, whereas the state |/3)|1) 
evolves to — i|e 3 )|0). Then we get 

I^U-^-Aa-c = ^|(|/i)|/2)|/3) - ^i)b)|e 3 ))®|0), (2.29) 

At this point, in comparison with the previous section, we have to perform an extra rotation. We let 
atom A 3 enter a Ramsey cavity _R 4 , where the atomic states are rotated according to (j2.19|) . which 
corresponds to the transformation 

|e 3 ) - -^(|e 3 ) + i\fs)) and |/ 3 ) - -^(i|e s ) + |/ 3 )), (2.30) 



resulting in 



1A1-A2-A3 2 



|{l/i)l/ 2 )( i|es> + l/s) ) - i\9i}\92}( |e 3 ) + i|/ s ) )}. (2.31) 



Now, we have two possibilities of measurement concerning atom A 3 : we may detect it in state |/ 3 ) 
and then we get the Bell state 

\* + )a.-a* = ^(l/i>l/a> + \9i)\92)), (2.32) 

or in the state |e 3 ) and we have 

l^->A 1 -^ = ^(|/i>|/ 2 >-|ffi>|fl2». (2.33) 

Now, if we apply an extra rotation on the states of atom A 2 in ()2.32|) in a Ramsey cavity R 5 , 
corresponding to the operator 

Rs = I/2X02I + IP2X/2I, (2.34) 

we get 

1^)^ = ^(\h)\92) + \9i)\f2)). (2.35) 
Likewise, if we apply ()2.34|) to ()2.33|) . we get 

l* _ >A 1 -^ = ^(|/ 1 >|fti>-|ffi>l/2». (2.36) 

Therefore, as done before, we have obtained the Bell basis ^] for the system A\ — A 2 given by 
Eqs (12321 . l|lEB3jl . (I2~33|l and 

In these two sections we have presented schemes to prepare atomic Bell states involving three-level 
cascade atoms with two different cavity configurations. In the former case one deals with a cavity 
prepared in a coherent state | — a), which is a feasible experimental task, but during the process 
one has to inject another coherent state inside the cavity and the final preparation of a Bell state 
depends also of a probabilistic detection of the state |e 3 ). In the latter case one does not have to 
inject any field inside the cavity and the process is not probabilistic. However, one has to perform 
an extra rotation in the atomic states. 



6 



2.3 Lambda atomic system and cavity in a coherent state 

Let us now show how we can get the Bell states making use of three-level lambda atoms interacting 
with a cavity field. Consider a three-level lambda atom (see Fig. 2) interacting with the electromag- 
netic field inside a cavity C. The states of the atom, \a), \b) and |c) are so that the \a) # |c) and 
| a) | b) transitions are in the far off resonance interaction limit. The time evolution operator for 
the atom-field interaction U (r) is given by ^3] 

U = - e ^ at »(a| + X -^ a + l)\b)(b\ + X -(e l ^ a - l)|fo><cj + X -{e^ a - \)\c)(b\ + X -(e l ^ a + l)\c)(c\, 

(2.37) 

where a (at) is the annihilation (creation) operator for the field in cavity C, <p — 2g 2 r/ A, g is the 
coupling constant, A = uj a — uj^ — uj = u a — u c — uj is the detuning where u> a , and u c are the 
frequency of the upper level and of the two degenerate lower levels respectively and u is the cavity 
field frequency and r is the atom-field interaction time. For if = it, we get 

U = -exp (Wo) |a)(a| + n+|6)<6| + n_|6)<c| + n_|c)(6| + n+|c)(c|, (2.38) 

where 

n + = ^(e Wa + l), 

n_ = -(e i7rata -l). (2.39) 

At this point, it is worth to define the non-normalized even and odd coherent states ^3] 

\±)cs = \a)±\-a), (2.40) 

such that c\s(±|±)c\s = 2 (l ± e -2 '"' 2 ^ and cs(+\~)cs = 0, where CS refers to coherent state. In 
the following calculation we shall use the relations 

n+|+)cs= \+)cs and IL+\-}cs = 0, 
n_|-)cs = -\-)cs and n„|+) C5 = 0, (2.41) 

which are easily obtained from Eqs. (J2.39|) and (|2.40p . using e zata \a) = \e z a). 

Let us prepare the cavity C in the coherent state \a) and consider the atom A\ in the state 
a x — \bi)- The initial state of the atom-cavity system is given by 

W)Ai-c = \h)\a) = |6i>|[|+>c5 + \-)cs\. (2.42) 

We now let atom A\ fly through the cavity C. The state of the system evolves according to the time 
evolution operator Eq. ()2.38j) yielding 

I^-o = ^{|6i>I+>ct-|pi>|->05}. (2-43) 

Consider another three-level lambda atom A 2 prepared initially in the state l^); which is going 
to pass through the cavity. Now, as initial state of the system, we have 

l^M-Aa-c = l{\bi)\+)cs ~ \ci)\-)cs}\b2). (2.44) 



After this second atom has passed through the cavity, the system evolves to 

\^)M-A 2 -c = \{\h)\b 2 )\+)cs+\ci)\c 2 )\-)cs}- (2.45) 

Now, we inject a coherent state \a) in the cavity, that is, we make use of D(f3)\a) = \a + (3), and we 
get 

\1>)m-a*-c = \{ |6i>|6 2 >(|2a) + |0>) + |c 1 >|p a >(|2a>-|0>) } 

= \{ ( |6i>|62> + ki)|c 2 > )\2a) + ( Mh) - | Cl )|c 2 ) )|0) }. (2.46) 

Again, in order to disentangle the atomic states of the cavity field state, we follow the same that was 
done in the subsection ([2.1)1 . i.e., we send a two- level atom A3, resonant with the cavity, in its lower 
state I/3) (|/ 3 ) and |e 3 ) being the lower and upper levels respectively) through C. Then we get 

m Al -A 2 -A 3 -c = \{ ( \h)\b 2 ) + \c 1 )\c 2 ))(\e 3 )\x e ) + \fs)\Xf)) + ( \h)\b 2 )-\ Cl )\c 2 ))\f 3 )\0) }. (2.47) 
If we detect atom A3 in state |es), then we finally get a Bell state involving the atoms A\ and A 2 

|$ + }^ 2 = -^(|6i)|fc2) + ici}|c 2 }). (2.48) 

As mentioned in subsection (j2.1|) . the detection of atom A3 in state |es) is probabilistic. Thus, 
in the above disentanglement process one has to choose a coherent field with a photon-number 
distribution having a sharp peak at the average photon number (n) = | ct | 2 so that, to a good 
approximation, we have almost 100% of probability of detecting the atom A 3 in the state |e 3 ) and, 
consequently, disentangling successfully the atomic and field states, as it is desired. 

The other Bell states can be obtained following the same procedure described in the first subsec- 
tion. Hence, if we start from ()2.54|) injecting a coherent state | — a) in the cavity and detect |es), we 
get 

|$->^ 2 = ^(Ni&2>-|ci>|c 2 >). (2.49) 
Now, if we apply on the state (|2.48|) a rotation Ri given by 

Ri = \c 2 )(b 2 \-\b 2 )(c 2 \, (2.50) 

we get 

\y-) Al -A 2 = ^(\bi)\c 2 )-\ Cl )\b 2 )), (2.51) 
and if we apply ()2.50|) to the state ()2.51|) we get 

I* + >^-a 2 = ^(IM|c2> + | Ci >|& 2 >). (2.52) 

In the case of lambda atoms, the rotation of the atomic states (12.50)) is discussed in reference [15] . 

Observe that, in comparison with the cascade atomic configuration, here one needs only one 
rotation in a Ramsey cavity to obtain a Bell state. Therefore, although the lambda atomic system is 
a more delicate configuration to deal with because it involves a two-photon transition (two-photon 
Raman transition between the two degenerate atomic levels) contrary to the cascade case, which 
involves a one-photon transition, this configuration has the advantage of needing only one rotation 
to prepare the Bell state. 
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Al - A2 -c = ^=(|6i)|6 2 )|0) + | Cl )|c 2 )|l)). (2.54) 



2.4 Lambda atomic system and cavity in a superposition of Fock states 

Following the same steps of the last subsection, consider an atom Ai, in the state \i/))ai — \bi), 
interacting with the cavity C now prepared in the state (j2.18|) . Taking into account f)2.38j) . the state 
of the system atom-cavity evolves to 

|^>A l -cr = ^(|6i>|0>-|c 1 >|l». (2.53) 

Consider now another three-level lambda atom A 2 prepared initially in the state \b 2 ), which is going 
to pass through the cavity. After this second atom has passed through the cavity, the system evolves 
to 

1 

V2 

In order to disentangle the atomic states of the cavity field state, as before, we now send a two-level 
atom A 3 , resonant with the cavity, with |/ 3 ) and ^3) being the lower and upper levels respectively, 
through C. If A 3 is sent in the lower state I/3), for gr = ir/2, the state |/a)|0) does not evolve, 
whereas |/a)|l) evolves to — i|ea) [0) . Then we get 

|^(r)) Al _ yl2 _ A 3_ c = i=(|6 1 )|6 2 )|/3)-^|c 1 )|c 2 )|e3))|0). (2.55) 

Now we let atom A3 to enter a Ramsey cavity R\ where the atomic states are rotated according to 
the rotation matrix (j2.19|) . that is, 

|es>-^(|c3>+<|/3», 

I/3) - ^=(i\es) + I/3)), (2.56) 

and we get 

\^) Al - A2 - A:i „c = \{ \bi)\b 2 )\h)(i\e3) + I/3) ) - i\ci)\c 2 )( \e 3 )+i\f 3 ) )}|0). (2.57) 



Now, if we detect I/3), we get the Bell state 
and, if we detect |e 3 ), we have 



^U-A^^dMN + l^h)), (2.58) 



\<^-) Al - A2 = ^{\h)\b 2 ) -\ Cl )\c 2 )). (2.59) 

Now, if we apply an extra rotation on the states of atom A 2 in ()2.58|) in a Ramsey cavity R 2 , according 
to the rotation matrix 

#2 = |& 2 >(c 2 | + |c 2 >(& 2 |, (2.60) 



we get 



l* + >A 1 -A a = i(|6i>|c a > + |pi>|62», (2.61) 



V2' 



and applying (glHDI) to it yields 



l*~>A 1 -^ = ^(|6 l >|c S i>-|c 1 >|6 a ». (2.62) 
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3 ENTANGLEMENT SWAPPING AND BELL STATE DE- 
TECTION 



Consider that we have a system, which consists of two pairs of entangled atoms, whose state is 

\*) Al -As-Az-M = 1*")^-^ ® \^~)a 3 -a 4 - (3.63) 
The above state can be rewritten as 

\V) Al -A 2 -A 3 -A 4 = -(\^ + )a 1 -m\^ + )a 2 -A 3 + \^~)a 1 -A 4 \^~)a 2 -A 3 + 

|$ + ) Al _ A4 |$ + ) A2 _ yl 3 + \^-} Ai -a^')a 2 -a 3 ), (3.64) 

where for the cascade system the Bell states are given by ()2.13|) , ( I2.14j) , ()2.16|) and ()2.17|) and for 
the lambda system the Bell states are given by ()2.48|h (|2.49jl . ()2.51|) and (|2.52j) . Although atoms 
A\ and v4 4 has never interacted, we can entangle them if we measure properly the state of atoms 
A 2 and A 3 . This is what Eq. (J3.64|) tell us. In the next subsections we discuss how to perform the 
measurements in order to project the state of A\ and A 4 onto any of the Bell states. 

3.1 Bell state detection — cascade atomic system and cavity in a coherent 
state 

Let us assume we have a cavity prepared in a coherent state \a). Notice that, according to the time 
evolution operator (|2.2|) . if we send atoms A 2 and A 3 through C in the state (|2.32|) or (|2.33j) . we get 

I^a^H — |$ ± ) A2 „ A3 |a), (3.65) 
and, if we send atoms A 2 and A 3 through C in the state (|2.35|) or (|2.36j) . we get 

l^Az-Asla) — {V^M-Asl ~ «), (3.66) 
Therefore, considering (|3.64|) . after atoms A 2 and A 3 pass through the cavity, we have 

\^) Al -A 2 -A 3 -A i -c = ^(\V + ) Ai -aA* + )a 2 -a 3 \ - a) + l*-)^.^!*-)^^! - a) + 

|$ + > Al _ A4 |$ + )^ A >> + \$-} Al - Ai \<S>-) A2 „ A3 \a)). (3.67) 

Now, we inject \a) in the cavity C and it yields 

\^)a 1 -a 3 -a 3 -a a -c = -(\^ + ) Ai -a^ + )a 2 -a 3 \0) + \^-) Ai -a^-)a 2 -a 3 \0) + 

\$ + ) Al - A4 \® + ) A2 - A3 \2a) + \^-) Al ^ A4 \^) A2 . M \2a)), (3.68) 

As done in section (2.1), in order to disentangle the atomic states of the cavity field state, we send 
a two-level atom A 5 , resonant with the cavity, with |/ 5 ) and \e$) being the lower and upper levels 
respectively, through C. If A 5 is sent in the lower state |/s), after we detect A 5 in |es), we get 

Wm-M-M-M = -^=(\^ + )a 1 -a 4 \^ + )a 2 -a 3 + \$~)a 1 -a 4 \®~)a 2 -a 3 ). (3.69) 

10 



Now, we have to distinguish |$ + ) j 4 2 _ j 4 3 from |<& )a 2 -a 3 - in order to do this we notice that, defining 

E x = a 2 x al (3.70) 

where 

° k x = \fk)(g k \ + \9k){fk\, (3.71) 

we have 

X x \* ± )A a -A 3 =±\* ± )A a -A a . (3.72) 

Therefore, we can distinguish between |<J> + )a 2 - j 4 3 and \<&~)a 2 -a z performing measurements of H x . In 
order to do so, we proceed as follows. We make use of 

K k = -^(|AXM - \fk)(9k\ + \9k)(fk\ + \9k)(9k\), (3-73) 

to gradually unravel the Bell states. The eigenvectors of the operators a x are 

|^,±> = ^(|/ fc >±k>), (3.74) 

and we can rewrite the Bell states as 

1 



\^)a 2 -m = ^ 
Let us take, for instance, (|2.32|) : 



\rt,+)(\h)±\93)) + \rt,-)(\h)T\9z) 



(3.75) 



\1> + )A 2 -A s = ^(\f2)\f 3 ) + \92)\93))- (3.76) 

Applying K 2 to this state we have 

K 2 \<S> + ) A2 -a s = ||i/ 2 >(i/3> - \ 93 )) + \92)(\h) + \ 9 3))\. (3.77) 

Now, we compare ()3.77j) and (|3.75j) . We see that the rotation by K 2 followed by the detection of \g 2 ) 
corresponds to the detection of the state \i[) 2 , +) whose eigenvalue of a 2 x is +1. After we detect \g 2 ), 
we get 

WlA* = ^(l/s> + l<fe», (3-78) 

that is, we have got 

Was = !€,+)• (3-79) 
If we apply fl3.73|l for k = 3 to the state (j3.79j) we get 

K^)a 3 = \gz). (3.80) 

We see that the rotation by K 3 followed by the detection of jtfe) corresponds to the detection of the 
state \ip1, +) whose eigenvalue of a\ is +1. Consequently, after this proceeding, the atoms A± and 
A 4 are collapsed in the entangled state \Q + )a 1 -a 4 ,- Similarly, we can measure the eigenvalue —1 of 
S x and, consequently, make the atoms A\ and A4 to collapse in the entangled state \Q~)a 1 -a 4 - 
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If we had injected | — a) in C, we would get 

\y) Al -A 2 -A 3 -A 4 -C = l(\^ + )A 1 -A 4 \^ + )A 2 -A a \ ~ 2«> + | *") Al -A, | A 2 -A s \ ~ 2a) + 

|$ + )^ 1 ^ 4 |$ + ) j42 ^ 3 |0) + |$-) Al _ A4 |$-) A2 _ A3 |0)) (3.81) 
and, as above, after we send atom A 5 through C and detect |e 5 ) , we get 

|^)a 1 -a 2 -a 3 -a 4 = ^ + ) Ai -a 4 \^ + )a 2 -a 3 + \y-) Al -A A \*~)A 2 -A 3 ). (3.82) 

Now we have to distinguish \^ + )a 2 -a 3 from \^/~)a 2 -a 3 - In order to do this, as above, we measure 
the eigenvalues of the operator S x . 

ZvlV^M-As = M^M-As- (3-83) 

After we have measured the eigenvalue +1 of "E x , the atoms A\ and are collapsed in the entangled 
state \^/ + )a 1 -a 4 , and if we have measured the eigenvalue —1 of H x , the atoms A\ and A A would be 
collapsed in the entangled state \^~)a 1 -a 4 ,- 

Summarizing, we have the following possible proceedings which results in one of the four Bell 
states involving atoms A\ and A4, which are presented in the table below: 

(injection of \a))(K 2 , \g 2 ))(K 3 , \g 3 )) < — ► |V4+M,+> \^ + )a 1 -a 4 

(injection of \a))(K 2 , \g 2 ))(K 3 , |/ 3 » < — ► |V£ +M, -> => |$~K-a 4 

(injection of | - a))(K 2 , \f 2 ))(K 3 , |/ 3 » — -)h& -) |^ + )a^a 4 

(injection of | - a))(K 2 , \g 2 ))(K 3 , \f 3 )) <— |^, +M, -) =S- \^) Al ~ Ai (3.84) 

3.2 Bell state detection — cascade atomic system and cavity in a super- 
position of Fock states 

Now let us see how to distinguish the four states which form the Bell basis in this case. Let us 
assume that we have a cavity C prepared in the state ()2.18|) . Observe that if we send atoms A 2 and 
A 3 through C in the state (l2~3^|) or flUHJ), we get 

|$ ± ) A2 _a 3 |+) fs — > |$ ± ) A2 _a 3 |+) fs , (3.85) 

and if we send atoms A 2 and A 3 through C in the state ([2.351 ) or ()2.36|) . we get 

I^M-AsMfs — {^Az-AsHfs, (3.86) 

where we have defined 

|->™ = M>. (3-87) 
Then, starting from (|3.64j) . after atoms A 2 and A 3 cross the cavity, we have 

\*)ai-M-A*-M-C = ^(\y + )A 1 -A i \V + )A 2 -A- i \-)FS+ \*~) A^aA*') A 2 -A 3 \~) FS + 

\<S> + } Ai -a 4 \$ + }a 2 -a 3 \+}fs + \^~)a 1 ~a 4 \^~)a 2 -a 3 \+)fs), (3.88) 
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Now, if an atom A 5 , resonant with the cavity, passes through C in the state |/ 5 ) ( |/ 5 ) and |e 5 ) being 
the lower and upper level, respectively), for gr = ir/2, we have 

l/6>l+>F5 — ^(l/ 8 >-i|e 6 »|0>, 

|/6>|->F5 — ^(l/5)+^ 5 ))|0). (3.89) 

Consider now that we send atom A 5 through a Ramsey cavity R, where the states are rotated 
according to the rotation matrix (|2.19j) . it yields 

^(l/s)-i|e5»-|/5>, 

■^(\fB)+i\e 5 ))^i\e 5 ). (3.90) 
Therefore, after A 5 has passed through the cavity, we get 

\y) Al -A 2 -A 3 -A 4 -A 5 = ^(\^ + ) Al -A 4 \^ + )A 2 -A 3 i\e 5 ) + Ar-A^') A 2 -A 3 i\e 5 ) + 

\^ + ) Al -A 4 \^ + )A 2 -A 3 \f 5 ) + \$-) M -A 4 \®-)A 2 -A 3 \h)). (3.91) 

Now, if we detect |e 5 ), we get 

|^> Al _ A2 _ A3 „ A4 = -L(|^+) Ai _ A4 |^+) A2 _ A3 + \q-) Al _ M \q-) A2 _ A3 ) (3.92) 

and, as in the previous subsection, if we measure the eigenvalue +1 of S x , the atoms A\ and A^ 
collapse in the state |\l/ + ) Al _ A4 , and if we measure the eigenvalue —1 of S x , they collapse in the state 

But, if we detect |/ 5 ) instead of |e 5 ), we get 

\^) M _ M _ M _ M = -=(|$ + ) Al _ A4 |$ + ) A2 _ A3 + |$-) Al _ A4 |$-) A2 _ A3 ). (3.93) 



And, finally, as in the previous section, by measuring the eigenvalue +1 of £ x , the atoms A\ and A^ 
collapse in the state |$ + ) Al _ A4 , and if we measure the eigenvalue —1 of E x , they collapse in the state 

l^A.-A,- 

Summarizing, we have the following possible proceedings which result in one of the four Bell 
states involving atoms A\ and A4, which are presented in the table below: 



(detection 


of \f 5 ))(K 2 , 


\92})(K 3 , 


\9s)) <- 


-li&+M,+> = 


* \& 


~}ai- 


-A 4 


(detection 


oi\U))(K 2 , 


\92))(K 3 , 


l/a)) - 




=► \<f>~ 




-M 


(detection 


oi\e 5 ))(K 2 , 


\f2))(K 3 , 


I/3)) - 


= 


=► \v~ 




-A 4 


(detection 


of\e 5 ))(K 2 , 


\92})(K 3 , 


I/3)) - 


-h&+)h&-> = 


^ 1^- 




-A 4 



(3.94) 

3.3 Bell state detection — lambda atomic system and cavity in a coherent 
state 

Now, consider that we have a cavity prepared in a coherent state |a). Notice that if we send atoms 
A 2 and A 3 through C in the state (I21HJ) or (12131) . we get 

\^) A ^ M \a) — \^) M . M \±a) (3.95) 
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and, if we send atoms A 2 and A 3 through C in the state (J2.52)) or (J2.51j) . it yields 

l^^^la) — I^^-Asl ± a). (3.96) 
Therefore, considering (J3.64j) . after atoms A 2 and A 3 pass through the cavity, we have 

\*) Al -A*-M-A*-C = ^ + )ai-A^ + )a 2 -A 3 W) + \V-)Ai-M\*~)M-M\ - «) + 

\^) Al . A4 \^) A ^ Aa \a) + \^-) Al ^-) A ^ A3 \-a)). (3.97) 
Now we inject |a) in the cavity C and we have 

\^>)a 1 -a 2 -a 3 -a a -c = -(\* + ) Al -A 4 \* + )A 2 -A 3 \2a) + |^-) Al _ A4 |^-) A2 _ A3 |0) + 

\$> + ) A ^ M \<$> + ) A .^ A ,\2a) + |$-> Al _ A4 |$-) A2 _ A3 |0>). (3.98) 

As done in subsection (2.1), in order to disentangle the atomic states of the cavity field state we send 
a two-level atom A 5 , resonant with the cavity, with |/ 5 ) and |es) being the lower and upper levels 
respectively, through C. If A 5 is sent in the lower state after we detect A 5 in \e$), we have 

l^Ai-At-As-M = -(\^ + ) Ai -A^ + )a 2 -A 3 + \$ + ) Ai -A 4 \® + )a 2 -A 3 ). (3.99) 

Then, we detect the states of atoms A 2 and A3. If we detect [62) and 1 63) or \c 2 ) and \c 3 ), the atoms 
Ai and A4 collapse to the state \$> + )a 1 -a 4 , and if we detect I&2) and |cs) or \c 2 ) and 1 63) , the atoms 
Ai and A 4 collapse to the state \^/ + ) Al ^ Ai 

On the other hand, if we inject | — a) in the cavity C, we have 

^a^M-a^M-c = -(\^ + ) Ai -a^ + )a 2 -a 3 \0) + \^-) Ai - A ^-)a 2 -a 3 \ - 2«) + 

\® + ) Ai -A4\$ + )a 2 -a 3 \0) + \$-) Ai -A 4 \®~)a 2 -a 3 \ - 2«)). (3.100) 

As before, we use an auxiliary atom A$ to disentangle the atomic states of the cavity field state. If 
A 5 is sent in the lower state I/5) and detected A 5 in |es) , we get 

\^) Al -A 2 ~A 3 - Ai = -{\^-) Al -A i \^-)A 2 -A 3 + \^-) Ai -A^~)a 2 -A 3 ). (3.101) 

And now, we detect the states of atoms A 2 and A 3 . If we detect \b 2 ) and \b 3 ) or |c 2 ) and |c 3 ), the 
atoms A± and A 4 collapse to the state \&~) Al - Ai , and if we detect \b 2 ) and \c 3 ) or \c 2 ) and (63), they 
collapse to the state \^~) Al _ Ai . 

3.4 Bell state detection — lambda atomic system and cavity in a super- 
position of Fock states 

Finally, consider a cavity prepared in the state ()2.18|) . In this case, observe that if we send atoms 
A 2 and A 3 through C in the state (l2~4~KJ) or (|2~4~31) . we get 

|$ ± ) j42 _ A3 |V + )c — > \^)a 2 -a 3 \±)fs (3.102) 
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and if we send atoms A 2 and A 3 through C in the state (|2.52j) or (J2.51j) . we have 



I^a^a^c — |^ ± )a 2 -a 3 I±)fs- (3.103) 
Therefore, considering (J3.64j) . after atoms A 2 and A 3 pass through the cavity, it yields 

|^> Al -A 2 -A 3 -A 4 -C = 1(\^ + )a 1 -A 4 \^ + )a 2 -A 3 \+) FS + \^)a 1 -A 4 \^~)a 2 -A 3 HfS + 



1^ 


">*- 




)a 2 -A 3 


\+)fs+ \^ 




)a 2 -a 3 \ 








~)a 2 -a 3 


\+)fs+ \&~ 




')a 2 -a 3 \- 



Again, as it was done in subsection 3.2, if we send an atom A$, resonant with the cavity, through 
C in the state for gr = ir/2, and through a Ramsey cavity, according to ()3.89j) and (|3.9())1 . we 
get 

|^) Al _ A2 _ A3 _ A4 _ As = ^(\^ + ) Al -A^ + )A 2 -A 3 \f 5 ) + \*-) Al -A4\*-)A a -A 3 i\e 5 ) + 



|$ + > Al _ A4 |$ + ) A2 _ A3 |/ 5 > + \$-) Al _ A4 \$-) A2 _ A3 t\e 5 )). (3.105) 
Then, if we detect A 5 in the state I/5), we have 



|v|/> Al _ A2 _ A3 _ A4 = -{\^ + } Al _ A4 \y + } A2 „ A3 + |$+) Al _ A4 |$+) A2 _ A3 j. (3.106) 

Now, we detect the states of atoms A 2 and A 3 . If we detect \b 2 ) and \b 3 ) or |c 2 ) and |c 3 ), atoms A\ 
and A A collapse to the state \Q + ) Al _ A4 , and if we detect \b 2 ) and |c 3 ) or \c 2 ) and |6 3 ), atoms Ax and 
At collapse to the state \^ + ) Ai -a 4 

Otherwise, if we detect A 5 in the state |e 5 ), we have 

|^) Al _ A2 _ A 3_A 4 = V|*-) Al _ A4 |*-) A2 _ A3 + |$-) Al _ A4 |$-} Aa _ A3 ). (3.107) 



Then, we detect the states of atoms A 2 and A 3 . If we detect \b 2 ) and \b 3 ) or \c 2 ) and \c 3 ), atoms A\ 
and A4 collapse to the state |$~) Al _ A4 , and if we detect \b 2 ) and |c 3 ) or |c 2 ) and |6 3 ), atoms Ai and 
A$ collapse to the state |\l/~) Al _ A4 . 



4 CONCLUSION 

Concluding, we have presented four schemes of entanglement swapping involving atoms in a cascade 
configuration or in a lambda configuration interacting with a cavity prepared in a coherent state or 
in a superposition of |0) and |1) Fock states. The advantage of using a cascade atomic configuration 
instead of a lambda one is that the atomic state detections are simpler. However, the process for 
the lambda configuration involves much less atomic state rotation than in the cascade configuration 
case. The advantage of using a cavity prepared in a superposition of Fock state is that the process 
is not probabilistic, while in the case in which the cavity is prepared in a coherent state the process 
is probabilistic, although the probability of the atomic state involved can be made close to 100% for 
coherent state with a large mean photon number and a sharp peak distribution. On the other hand, 
the advantage of using a coherent state is that its preparation is relatively simple. 

Finally, let us analyze the feasibility of the experimental implementation of the above schemes 
of entanglement swapping. Considering Rydberg atoms of principal quantum numbers 50 or 51, the 
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radiative time is of the order of 10~ 2 s and the coupling constant g is of the order of 2tt x 25 kHz 
[Tol IT71 ITH] and the detuning A is of the order of 2tt x 100 kHz. Taking into account that, for the 
cascade configuration, ip = g 2 r/A and, for the lambda configuration, ip = 2g 2 r/A , for ip = n we 
have an interaction time r = 8 x 10 -5 s for the cascade configuration and r = 4 x 10~ 5 for the 
lambda configuration and we could, in principle, assume a time of the order of 10 -4 s to realize the 
entanglement swapping which is much shorter than the radiative time. We have to consider also the 
cavity decay time which in recent experiments, with niobium superconducting cavities at very low 
temperature and quality factors in the 10 9 — 10 10 range, have a cavity energy damping time of the 
order of 10 to 100 ms, and which could be larger than the required time to perform the entanglement 
swapping. 

Figure Captions 

Fig. 1 - Energy states scheme of a three- level atom where |e) is the upper state with atomic 
frequency u e , \f) is the intermediate state with atomic frequency u>f, \g) is the lower state with 
atomic frequency u g and u is the cavity field frequency and A = (u e —0Jf) — is the detuning. The 
transition | /) ^| e) is far enough of resonance with the cavity central frequency such that only 
virtual transitions occur between these levels (only these states interact with field in cavity C). In 
addition we assume that the transitions |e) # \g) and |/) # \g) are highly detuned from the cavity 
frequency so that there will be no coupling with the cavity field in C. 

Fig. 2 - Energy level scheme of the three-level lambda atom where \a) is the upper state with 
atomic frequency u> a , \b) and |c) are the lower states with atomic frequency u>b and u c respectively, 
uj is the cavity field frequency and A = u a — Ub — uj = u a — u c — uj is the detuning. 
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Fig. 1 - E. S. Guerra and C. R. Carvalho 
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Fig. 2 - E. S. Guerra and C. R. Carvalho 




